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LAGRANGIAN SUBMANIFOLDS WITH CONSTANT ANGLE FUNCTIONS
OF THE NEARLY KA¨HLER S3 × S3
BURCU BEKTAS¸, MARILENA MORUZ, JOERI VAN DER VEKEN, AND LUC VRANCKEN
Abstract. We study Lagrangian submanifolds of the nearly Ka¨hler S3×S3 with respect to their,
so called, angle functions. We show that if all angle functions are constant, then the submanifold
is either totally geodesic or has constant sectional curvature and there is a classification theorem
that follows from [6]. Moreover, we show that if precisely one angle function is constant, then
it must be equal to 0, pi
3
or 2pi
3
. Using then two remarkable constructions together with the
classification of Lagrangian submanifolds of which the first component has nowhere maximal
rank from [1], we obtain a classification of such Lagrangian submanifolds.
1. Introduction
The systematic study of nearly Ka¨hler manifolds originates with the work of Gray ([9]). In this
paper we continue the study of Lagrangian submanifolds of the nearly Ka¨hler S3 × S3 started in
[14], [18], [6] and [1]. The homogeneous nearly Ka¨hler S3 × S3 is one of the four homogeneous
nearly Ka¨hler manifolds as was shown by Butruille ([3]). Note that only recently the first complete
non homogeneous examples were discovered in [8].
A submanifold of a 6-dimensional nearly Ka¨hler manifold is called Lagrangian if it is 3-dimensional
and the almost complex structure maps the tangent space into the normal space. Such subman-
ifolds are especially interesting (see [10], [14]), as they are necessarily minimal and orientable.
The Lagrangian submanifolds of the nearly Ka¨hler S6 were treated in [4], [5], [7], [11], [13], [16],
[17]. The first examples appeared in [12] and [14]. An important tool in the study of Lagrangian
submanifolds of the nearly Ka¨hler S3 × S3 are the so called angle functions θ1, θ2, θ3, which were
introduced in [6] (see also section 2 of the present paper). Note that θ1 + θ2 + θ3 must always be
an integer multiple of pi. In this paper we show the following theorems.
Theorem 1. Let f : M → S3 × S3 : x 7→ f(x) = (p(x), q(x)) be a Lagrangian immersion. If
the angle functions θ1, θ2, θ3 are constant, then either M is totally geodesic or M has constant
sectional curvature.
A complete classification, as stated in Corollary 1, follows immediately by applying the main
results of [18] and [6]. Note that as for an equivariant Lagrangian immersion the angle functions
are constant, this yields at the same time a classification of all the equivariant Lagrangian sub-
manifolds. Next, we also deal with the case that precisely one of the angle functions, which we
may assume to be θ1, is constant. In that case, we obtain:
Theorem 2. Let f : M → S3 × S3 : x 7→ f(x) = (p(x), q(x)) be a Lagrangian immersion, which
is neither totally geodesic nor of constant sectional curvature. Assume that θ1 is constant. Then
up to a multiple of pi, we have that either θ1 = 0,
pi
3 ,
2pi
3 .
Note that the case θ1 =
pi
3 corresponds precisely with those immersions for which the first
component has nowhere maximal rank, see [1], Theorem 1. Such immersions are related to minimal
surfaces in S3 and a complete classification is obtained in [1], see also Theorems 5, 6, 7 and 8 in
Section 3 of the present paper. Similarly, the case that θ1 =
2pi
3 corresponds to the case that the
second component has nowhere maximal rank. In order to obtain a classification in these last two
cases and as a tool in several of the other theorems, we introduce two constructions denoted by
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˜ and ∗, which allows us to construct from a Lagrangian immersion f : M → S3 × S3, two new
Lagrangian immersions f˜ :M → S3× S3 and f∗ :M → S3× S3, which all induce the same metric
on M (see Section 3).
2. Preliminaries
A nearly Ka¨hler manifold is an almost Hermitian manifold with almost complex structure J
such that ∇˜J is skew symmetric, i.e.,
(1) (∇˜XJ)Y + (∇˜Y J)X = 0
for all tangent vector X,Y and for ∇˜ the Levi-Civita connection on the manifold.
A submanifold of an almost Hermitian manifold is called Lagrangian if the almost complex struc-
ture J interchanges the tangent and the normal spaces and if the dimension of the submanifold is
half the dimension of the ambient manifold.
2.1. The Nearly Ka¨hler structure of S3×S3. In this section, we recall the homogeneous nearly
Ka¨hler structure of S3 × S3 and mention some known results from [6] and [18].
First, we can identify the 3-sphere S3 with the set of all the unit quaternions in H, i.e.,
S
3 = {p ∈ H | 〈p, p〉 = 1},
where the metric 〈·, ·〉 is induced from the metric on R4. Let i, j, k denote the standard imaginary
unit quaternions. Then the vector fields X1, X2, X3 given by
X1(p) = p i = (−x2, x1, x4,−x3),
X2(p) = p j = (−x3,−x4, x1, x2),
X3(p) = −p k = (x4,−x3, x2,−x1),
where p = x1+x2 i+x3 j+x4 k ∈ S3, form a basis of the tangent bundle TS3. Hence, the tangent
space of S3 is defined by TpS
3 = {pα | α ∈ ImH}.
Let Z(p,q) be a tangent vector of S
3 × S3 at (p, q). From the known natural identification
T(p,q)(S
3 × S3) ∼= TpS3 ⊕ TqS3, we write Z(p,q) = (U(p,q), V(p,q)) or simply Z = (U, V ). Now, we
define the vector fields on S3 × S3 as
E˜1(p, q) = (p i, 0), F˜1(p, q) = (0, q i),
E˜2(p, q) = (p j, 0), F˜2(p, q) = (0, q j),
E˜3(p, q) = −(p k, 0), F˜3(p, q) = −(0, q k),
which are mutually orthonogal with respect to the usual Euclidean product metric on S3 × S3.
The Lie brackets are [E˜i, E˜j ] = −2εijkE˜k, [F˜i, F˜j ] = −2εijkF˜k and [E˜i, F˜j ] = 0, where
εijk =


1, if (ijk) is an even permutation of (123),
− 1, if (ijk) is an odd permutation of (123),
0, if otherwise.
The almost complex structure J on S3 × S3 is defined by
(2) J(U, V )(p,q) =
1√
3
(
2pq−1V − U,−2qp−1U + V ) ,
for (U, V ) ∈ T(p,q)(S3 × S3) (see [3]). The nearly Ka¨hler metric on S3 × S3 with which we choose
to work is the Hermitian metric associated to the usual Euclidean product metric on S3 × S3:
g(Z,Z ′) =
1
2
(〈Z,Z ′〉+ 〈JZ, JZ ′〉)
=
4
3
(〈U,U ′〉+ 〈V, V ′〉)− 2
3
(〈p−1U, q−1V ′〉+ 〈p−1U ′, q−1V 〉) ,(3)
where Z = (U, V ) and Z ′ = (U ′, V ′). In the first line 〈·, ·〉 stands for the usual Euclidean product
metric on S3 × S3 and in the second line 〈·, ·〉 stands for the usual Euclidean metric on S3. From
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the definition, it can be seen that the almost complex structure J is compatible with the metric
g.
Lemma 1. ([2] The Levi-Civita connection ∇˜ on S3 × S3 with respect to the metric g is given by
∇˜E˜iE˜j = −εijkE˜k, ∇˜E˜iF˜j =
εijk
3
(E˜k − F˜k),
∇˜F˜iE˜j =
εijk
3
(F˜k − E˜k), ∇˜F˜iF˜j = −εijkF˜k.
Then, we obtain the following:
(∇˜E˜iJ)E˜j = −
2
3
√
3
εijk(E˜k + 2F˜k), (∇˜E˜iJ)F˜j = −
2
3
√
3
εijk(E˜k − F˜k),
(∇˜F˜iJ)E˜j = −
2
3
√
3
εijk(E˜k − F˜k), (∇˜F˜iJ)F˜j = −
2
3
√
3
εijk(2E˜k + F˜k).
(4)
Let G := ∇˜J . Then G is skew-symmetric and it satisfies
(5) G(X, JY ) = −JG(X,Y ), g(G(X,Y ), Z) + g(G(X,Z), Y ) = 0,
for any vectors fields X,Y, Z tangent to S3 × S3. Therefore, S3 × S3 equipped with g and the
almost complex structure J , becomes a nearly Ka¨hler manifold.
Moreover, we introduce the almost product structure P , defined in [2] as
(6) P (U, V )(p,q) = (pq
−1V, qp−1U)
for (U, V ) ∈ T(p,q)(S3 × S3). It satisfies the following properties:
P 2 = Id, i.e. P is involutive,
PJ = −JP, i.e. P and J anti-commute,
g(PZ, PZ ′) = g(Z,Z ′), i.e. P is compatible with g,
g(PZ,Z ′) = g(Z, PZ ′), i.e. P is symmetric.
2.2. Lagrangian Submanifolds of the nearly Ka¨hler S3×S3. Assume thatM is a Lagrangian
submanifold in the nearly Ka¨hler S3 × S3. Since M is Lagrangian, the pull-back of T (S3 × S3)
to M splits into TM ⊕ JTM . Hence, there are two endomorphisms A,B : TM → TM such that
the restriction P |TM of P to the submanifold equals A + JB, that is PX = AX + JBX for all
X ∈ TM . This formula together with the fact that P and J anticommute determine P on the
normal space by PJX = −JPX = BX − JAX . The endomorphisms A and B have the following
properties given in [6]:
• A and B are symmetric operators which satisfy A2 +B2 = Id;
• The covariant derivatives of the endomorphisms A and B are
(∇XA)Y = BSJXY − Jh(X,BY ) + 1
2
(JG(X,AY )−AJG(X,Y )) ,(7)
(∇XB)Y = Jh(X,AY )−ASJXY + 1
2
(JG(X,BY )−BJG(X,Y )) ,(8)
where ∇ is the induced connection on M , h is the second fundamental form and S is the
shape operator of the Lagrangian immersion;
• The Lie brackets of A and B vanish, that is, A and B can be diagonalized simultaneously
at a point p of M .
Therefore, at each point p ∈M there is an orthonormal basis e1, e2, e3 ∈ TpM such that
(9) Pei = cos(2θi)ei + sin(2θi)Jei, ∀ i = 1, 2, 3.
Now we extend the orthonormal basis e1, e2, e3 at a point p to a frame on a neighborhood of
p in the Lagrangian submanifold. By Lemma 1.1-1.2 in [15] the orthonormal basis at a point
can be extended to a differentiable frame E1, E2, E3 on an open dense neighborhood where the
multiplicities of the eigenvalues of A and B are constant. Taking also into account the properties
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of G we know that there exists a local orthonormal frame {E1, E2, E3} on an open dense subset
of M such that
(10) AEi = cos(2θi)Ei, BEi = sin(2θi)Ei, JG(Ei, Ej) =
1√
3
εijkEk.
Notice that, in a general sense, for an immersion f : M → S3 × S3 there exist A,B : TM → TM
with eigenvectors Ei and corresponding angle functions θi such that, on the image of M we may
write by (10) and (9):
(11) Pdf(Ei) = df(AEi) + Jdf(BEi) ⇔ Pdf(Ei) = cos(2θi)df(Ei) + sin(2θi)Jdf(Ei),
for i = 1, 2, 3.
The equations of Gauss and Codazzi, respectively, state that
R(X,Y )Z =
5
12
(g(Y, Z)X − g(X,Z)Y )
+
1
3
(g(AY,Z)AX − g(AX,Z)AY + g(BY,Z)BX − g(BX,Z)BY )
+ [SJX , SJY ]Z
(12)
and
∇h(X,Y, Z)−∇h(Y,X,Z) =
1
3
(g(AY,Z)JBX − g(AX,Z)JBY − g(BY,Z)JAX + g(BX,Z)JAY ) .(13)
The functions ωkij are defined by
∇EiEj = ωkijEk
and satisfy ωkij = −ωjik, where ∇ is the Levi-Civita connection on M . Here we use the Einstein
summation convention. We denote by
hkij = g(h(Ei, Ej), JEk)
the components of the cubic form g(h(·, ·), J ·) and we see that hkij are totally symmetric on the
Lagrangian submanifold. We recall the following lemmas.
Lemma 2. [6] The sum of the angles θ1 + θ2 + θ3 is zero modulo pi.
Lemma 3. [6] The derivatives of the angles θi give the components of the second fundamental
form
(14) Ei(θj) = −hijj ,
except h312. The second fundamental form and covariant derivative are related by
(15) hkij cos(θj − θk) = (
√
3
6
εkij − ωkij) sin(θj − θk).
Lemma 4. [6] If two of the angles are equal modulo pi, then the Lagrangian submanifold is totally
geodesic.
Remark 1. By Lemma 4, we may see that if the Lagrangian submanifold is not totally geodesic,
then sin(θi − θj) 6= 0, for i 6= j.
3. Results
From now on, we identify the tangent vector X with df(X).
Theorem 3. Let f : M −→ S3 × S3 be a Lagrangian immersion into the nearly Ka¨hler manifold
S3 × S3, given by f = (p, q) with angle functions θ1, θ2, θ3 and eigenvectors E1, E2, E3. Then
f˜ :M −→ S3 × S3 given by f˜ = (q, p) satisfies:
(i) f˜ is a Lagrangian immersion,
(ii) f and f˜ induce the same metric on M ,
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(iii) E1, E2, E3 are also eigendirections of the operators A˜, B˜ corresponding to the immersion
f˜ and the angle functions θ˜1, θ˜2, θ˜3 are given by θ˜i = pi − θi, for i = 1, 2, 3.
Proof. Let f : M −→ S3 × S3 given by f = (p, q) be a Lagrangian immersion with the angle
functions θ1, θ2, θ3. Then, for any point on M , we have a differentiable frame {E1, E2, E3} along
M satisfying (11) such that
df(Ei) = (pαi, qβi)(p,q), i = 1, 2, 3,(16)
where αi, βi are imaginary quaternions. Moreover, for f˜ we have as well
df˜(Ei) = (qβi, pαi)(q,p), i = 1, 2, 3.
From equations (2) and (6) a direct calculation gives that
Pdf(Ei) = (pβi, qαi)(p,q),(17)
Jdf(Ei) =
1√
3
(p(2βi − αi), q(−2αi + βi))(p,q) ,(18)
and
Pdf˜(Ei) = (qαi, pβi)(q,p),(19)
Jdf˜(Ei) =
1√
3
(q(2αi − βi), p(−2βi + αi))(q,p) ,(20)
for i = 1, 2, 3. The conditions for f and f˜ to be Lagrangian immersions write out, respectively, as
g(df(Ei), Jdf(Ej)) = 0 for i 6= j,
g(df˜(Ei), Jdf˜(Ej)) = 0 for i 6= j.
By (3) and by the previous relations, these conditions become
4
3
(〈αi, 2βj − αj〉+ 〈βi,−2αj + βj〉)− 2
3
(〈αi,−2αj + βj〉+ 〈2βj − αj , βi〉) = 0,
4
3
(〈βi, 2αj − βj〉+ 〈αi,−2βj + αj〉)− 2
3
(〈βi,−2βj + αj〉+ 〈2αj − βj , αi〉) = 0,
respectively. Since both are equivalent to 〈αi, βj〉−〈βi, αj〉 = 0, we conclude that f˜ is a Lagrangian
immersion if and only if f is a Lagrangian immersion.
In order to prove (ii), we must show that g(df(Ei), df(Ej)) = g(df˜(Ei), df˜(Ej)). By straightfor-
ward computations, using (3), we have
g(df(Ei), df(Ej)) =
1
2
(
〈df(Ei), df(Ej)〉+ 〈Jdf(Ei), Jdf(Ej)〉
)
(21)
=
1
2
(
〈(pαi, qβi), (pαj , qβj)〉+
+
1
3
〈(p(2βi − αi), q(−2αi + βi)), (p(2βj − αj), q(−2αj + βj))〉
)
=
2
3
(
2〈αi, αj〉+ 2〈βi, βj〉 − 〈βi, αj〉 − 〈αi, βj〉
)
.
Similarly, we have
g(df˜(Ei), df˜(Ej)) =
1
2
(
〈df˜(Ei), df˜(Ej)〉+ 〈Jdf˜(Ei), Jdf˜(Ej)〉
)
=
1
2
(
〈(qβi, pαi), (qβj , pαj)〉+
+
1
3
〈(q(2αi − βi), p(−2βi + αi)), (q(2αj − βj), p(−2βj + αj))〉
)
=
2
3
(
2〈αi, αj〉+ 2〈βi, βj〉 − 〈βi, αj〉 − 〈αi, βj〉
)
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and we can easily notice that the metric is preserved under the transformation f˜ .
In order to prove (iii), we see from (11) that
(22) Pdf(Ei) = cos(2θi)df(Ei) + sin(2θi)Jdf(Ei),
and there exist A˜, B˜ : TM → TM with eigenvectors E˜i and angle functions θ˜i such that
(23) Pdf˜(E˜i) = cos(2θ˜i)df˜(E˜i) + sin(2θ˜i)Jdf˜(E˜i).
From (16) and (18), we replace df(Ei) and Jdf(Ei) in (22) and get:
(24) Pdf(Ei) =
(
p
(
cos(2θi)αi+
1√
3
sin(2θi)(2βi−αi)
)
, q
(
cos(2θi)βi+
1√
3
sin(2θi)(−2αi+βi)
))
.
Considering now equation (17) as well, we obtain
αi = cos(2θi)βi +
1√
3
sin(2θi)(−2αi + βi),
βi = cos(2θi)αi +
1√
3
sin(2θi)(2βi − αi).
Replacing αi and βi in (19) with the latter expressions gives
Pdf˜(Ei) = cos(−2θi)df˜(Ei) + sin(−2θi)Jdf˜(Ei).
Comparing this with (23), we see that Ei are the eigenvectors of A˜ and B˜ with angle functions
θ˜i = pi − θi.

Theorem 4. Let f : M −→ S3 × S3 be a Lagrangian immersion into the nearly Ka¨hler manifold
S
3 × S3 given by f = (p, q) with angle functions θ1, θ2, θ3 and eigenvectors E1, E2, E3. Then,
f∗ :M −→ S3 × S3 given by f∗ = (p¯, qp¯) satisfies:
(i) f∗ is a Lagrangian immersion,
(ii) f and f∗ induce the same metric on M ,
(iii) E1, E2, E3 are also eigendirections of the operators A
∗, B∗ corresponding to the immersion
f∗ and the angle functions θ∗1 , θ
∗
2 , θ
∗
3 are given by θ
∗
i =
2pi
3 − θi, for i = 1, 2, 3.
Proof. Let f : M −→ S3 × S3 given by f = (p, q) be a Lagrangian immersion with the angle
functions θ1, θ2, θ3. Then, for any point on M , we have a differentiable frame {Ei} along M
satisfying (11) and we may write
df(Ei) = (pαi, qβi)(p,q),(25)
df∗(Ei) = (p¯α
∗
i , qp¯β
∗
i )(p¯,qp¯),(26)
for i = 1, 2, 3 and αi, βi, α
∗
i , β
∗
i imaginary quaternions. Moreover we have that
α∗i = −pαip¯,
β∗i = p(βi − αi)p¯,
where we have used
df∗(Ei) = DEif
∗ = (DEi p¯, DEi(qp¯)) = (DEip, (DEiq)p¯+ q(DEip))
(25)
= (−αip¯, q(βi − αi)p¯)
for the Euclidean connection D. Furthermore, by (2) and (6), we obtain again (17) and (18) as
well as
Pdf∗(Ei) = ((βi − αi)p¯,−qαip¯)(p¯,qp¯),(27)
Jdf∗(Ei) =
1√
3
((2βi − αi)p¯, q(αi + βi)p¯)(p¯,qp¯)(28)
for i = 1, 2, 3. A straightforward computation gives, for i 6= j, that
g(df∗(Ei), Jdf
∗(Ej)) =
2√
3
(〈βi, αj〉 − 〈αi, βj〉),
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which, as in the proof of Theorem 3, shows that f∗ is a Lagrangian immersion if and only if f is
a Lagrangian immersion.
To prove (ii), we must show that g(df(Ei), df(Ej)) = g(df
∗(Ei), df∗(Ej)). By straightforward
computations, using (3), we have
g(df∗(Ei), df
∗(Ej)) =
1
2
(
〈df∗(Ei), df∗(Ej)〉+ 〈Jdf∗(Ei), Jdf∗(Ej)〉
)
=
1
2
(
〈(−αip¯, q(βi − αi)p¯), (−αj p¯, q(βj − αj)p¯)〉+
+
1
3
〈((2βi − αi)p¯, q(αi + βi)p¯), ((2βj − αj)p¯, q(αj + βj)p¯)〉
)
=
2
3
(
2〈αi, αj〉+ 2〈βi, βj〉 − 〈βi, αj〉 − 〈αi, βj〉
)
,
and, comparing it to (21), we can easily notice that the metric is preserved under the transforma-
tion f∗.
In order to prove (iii), we see from (11) that
(29) Pdf(Ei) = cos(2θi)df(Ei) + sin(2θi)Jdf(Ei),
and, associated with the second immersion f∗, there exist A∗, B∗ : TM → TM with eigenvectors
E∗i and angle functions θ
∗
i such that
(30) Pdf∗(E∗i ) = cos(2θ
∗
i )df
∗(E∗i ) + sin(2θ
∗
i )Jdf
∗(E∗i ).
As in the proof of the previous theorem, we have
αi = cos(2θi)βi +
1√
3
sin(2θi)(−2αi + βi),
βi = cos(2θi)αi +
1√
3
sin(2θi)(2βi − αi).
On the one hand, replacing αi and βi in (27) with the latter expressions, we see that
Pdf∗(Ei) =
(
[cos(2θi)(αi−βi)+ 1√
3
sin(2θi)(βi+αi)]p¯,−q[cos(2θi)βi+ 1√
3
sin(2θi)(−2αi+βi)]p¯
)
.
On the other hand, we see that for θ∗i =
2pi
3 − θi, the following holds:
cos(2θ∗i )df
∗(Ei)+ sin(2θ
∗
i )Jdf
∗(Ei) = cos(
4pi
3
− 2θi)df∗(Ei) + sin(4pi
3
− 2θi)Jdf∗(Ei)
=
1
2
[(− cos(2θi −
√
3 sin(2θi)))df
∗(Ei) + (−
√
3 cos(2θi) + sin(2θi)Jdf
∗(Ei))]
(26),(28)
= ([cos(2θi)(αi − βi) + sin(2θi)√
3
(αi + βi)]p¯, q[cos(2θi)(−βi) + sin(2θi)√
3
(2αi − βi)]p¯).
Therefore, (30) holds for E∗i = Ei and θ
∗
i =
2pi
3 − θi. This concludes point (iii) of the theorem.

Lemma 5. Let M be a Lagrangian submanifold of the nearly Ka¨hler manifold S3×S3 with constant
angle functions θ1, θ2, θ3.
i. If M is a non-totally geodesic submanifold, then the nonzero components of ωkij are given
by
ω312 =
√
3
6
− cos (θ2 − θ3)
sin (θ2 − θ3) h
3
12,(31)
ω123 =
√
3
6
+
cos (θ1 − θ3)
sin (θ1 − θ3) h
3
12,(32)
ω231 =
√
3
6
− cos (θ1 − θ2)
sin (θ1 − θ2) h
3
12.(33)
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ii. The Codazzi equations of the submanifold M are as followings:
Ei(h
3
12) = 0, i = 1, 2, 3,(34)
h312
(
2(ω213 + ω
3
21) +
1√
3
)
=
1
3
sin(2(θ1 − θ2)),(35)
h312
(
2(ω312 + ω
2
31)−
1√
3
)
=
1
3
sin(2(θ1 − θ3)),(36)
h312
(
2(ω321 + ω
1
32) +
1√
3
)
=
1
3
sin(2(θ2 − θ3)).(37)
iii. The Gauss equations of the submanifold M are given by
5
12
+
1
3
cos(2(θ1 − θ2))− (h312)2 = −ω321ω213 + ω312ω231 − ω321ω231,(38)
5
12
+
1
3
cos(2(θ1 − θ3))− (h312)2 = −ω231ω312 + ω213ω321 − ω231ω321,(39)
5
12
+
1
3
cos(2(θ2 − θ3))− (h312)2 = −ω132ω321 + ω123ω312 − ω132ω312.(40)
Proof. Suppose that M is a Lagrangian submanifold of the nearly Ka¨hler S3 × S3 for which the
angle functions θ1, θ2, θ3 are constant. Thus, equation (14) immediately implies that all coefficients
of the second fundamental form are zero except h312. Using (15), we see that ω
j
ii = 0, i 6= j. As
ωkij = −ωjik, it follows that ω312, ω123, ω231 are the only non-zero components out of ωkij . From (15)
and by Remark 1, we calculate the nonzero connection forms as in (31)-(33). Taking E1, E2, E3
and E3, E1, E2 for the vector fields X,Y, Z in the Codazzi equation (13), we get (34), and for
E1, E2, E2;E1, E3, E3;E2, E3, E3 we obtain (34)-(37). Moreover, we evaluate the Gauss equation
(12) successively for E1, E2, E2; E1, E3, E3; E3, E2, E2 and then we obtain the given equations,
respectively. 
Theorem 5. A Lagrangian submanifold of the nearly Ka¨hler manifold S3×S3 for which all angle
functions are constant is either totally geodesic or has constant sectional curvature in S3 × S3.
Proof. Suppose that M is a Lagrangian submanifold in the nearly Ka¨hler S3 × S3 with constant
angle functions θ1, θ2, θ3. From equation (14) and the fact that h
k
ij are totally symmetric, all
coefficients are zero except h312. Also, the Codazzi equations given by (34)-(37) are valid for M .
Equation (34) implies that h312 is constant and thus, there are two cases that may occur:
Case 1. h312 = 0, that is, M is a totally geodesic Lagrangian submanifold in the nearly Ka¨hler
S3 × S3.
Case 2. h312 is a nonzero constant, that is, M is non-totally geodesic. In this case, the nonzero
components of ωkij for the submanifold M are given by (31)-(33). Replacing the coresponding ω
k
ij
in the Codazzi equations given by (35)-(37), we obtain the following system of equations:
2(h312)
2 − 1√
3
sin(θ1 − θ3) sin(θ2 − θ3)
sin(θ1 − θ2) h
3
12 −
2
3
cos(θ1 − θ2) sin(θ1 − θ3) sin(θ2 − θ3) = 0,(41)
2(h312)
2 − 1√
3
sin(θ1 − θ2) sin(θ1 − θ3)
sin(θ2 − θ3) h
3
12 −
2
3
cos(θ2 − θ3) sin(θ1 − θ2) sin(θ1 − θ3) = 0,(42)
2(h312)
2 − 1√
3
sin(θ2 − θ3) sin(θ1 − θ2)
sin(θ1 − θ3) h
3
12 +
2
3
cos(θ1 − θ3) sin(θ2 − θ3) sin(θ1 − θ2) = 0.(43)
Notice that by Remark 1, we have sin(θi − θj) 6= 0. Considering the above system of equations
as a linear system in 2(h312)
2, h312, 1 and since h
3
12 is a nonzero constant, we see that the matrix of
the system must have determinant zero. By a direct calculation, we find
sin(θ1 + θ2 − 2θ3) sin(θ2 + θ3 − 2θ1) sin(θ1 + θ3 − 2θ2) = 0.
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Given the symmetry in θ1, θ2, θ3, it is sufficient to assume that sin(θ1 + θ3 − 2θ2) = 0. Thus,
considering also Lemma 2, we may write
θ1 + θ3 − 2θ2 = k1pi,(44)
θ1 + θ2 + θ3 = k2pi(45)
for k1, k2 ∈ Z. As each angle function is determined modulo pi, there exist l1, l2, l3 ∈ Z such that
the above equations are satisfied by new angle functions θ1 + l1pi, θ2 + l2pi and θ3 + l3pi:
(θ1 + l1pi) + (θ3 + l3pi)− 2(θ2 + l2pi) = k∗1pi,
(θ1 + l1pi) + (θ2 + l2pi) + (θ3 + l3pi) = k
∗
2pi.
This implies that
k1 = k
∗
1 − (l1 + l3 − 2l2),
k2 = k
∗
2 − (l1 + l2 + l3).
Hence, we may assume k2 = 1. Allowing now only changes of angles which preserve this property,
we must have that l2 = −l1 − l3 and k1 = k∗1 − 3(l1 + l3). So we may additionally assume that
k1 ∈ {−1, 0, 1}. Therefore, we have three cases:
(i) θ1 + θ3 − 2θ2 = −pi and θ1 + θ2 + θ3 = pi,
(ii) θ1 + θ3 − 2θ2 = 0 and θ1 + θ2 + θ3 = pi,
(iii) θ1 + θ3 − 2θ2 = pi and θ1 + θ2 + θ3 = pi.
Finally, this reduces to
(i) θ2 = 0 and θ1 + θ3 = pi,
(ii) θ2 =
pi
3 and θ1 + θ3 =
2pi
3 ,
(iii) θ2 =
2pi
3 and θ1 + θ3 =
pi
3 .
Using the relations between the angles θi and θ˜i, θ
∗
i of the Lagrangian immersions f˜ and f
∗ in
Theorem 3 and Theorem 4 respectively, these three cases can be reduced to a single case, as shown
below:
(46)
θ2 =
pi
3
θ1 + θ3 =
2pi
3
f˜←→ θ˜2 =
2pi
3
θ˜1 + θ˜3 =
pi
3
f∗←→ θ
∗
2 = 0
θ∗1 + θ˜
∗
3 = pi.
Remark that according to Theorems 3 and 4, the metric g given by (3) is preserved under trans-
formations f˜ , f∗ from which we deduce that the sectional curvature of M is the same in each case.
Therefore, it is sufficient to consider the case that θ2 =
pi
3 and θ1 + θ3 =
2pi
3 . By straightforward
computations, equations (35)-(40) reduce to
2(h312)
2 − 1√
3
sin (2α) h312 −
1
3
sin2 (2α) = 0,(47)
2(h312)
2 − 1√
3
sin2 α
sin(2α)
h312 +
2
3
sin2 α cos(2α) = 0,(48)
where α := θ1− pi3 . Solving this system of equations, we see that there are four cases that we must
discuss:
(a) h312 = − 12 and α = −pi3 + kpi,
(b) h312 = − 14 and α = pi3 + kpi,
(c) h312 =
1
4 and α = −pi3 + kpi,
(d) h312 =
1
2 and α =
pi
3 + kpi
for some k ∈ Z.
Remark that cases (c) and (d) reduce to cases (a) and (b), respectively, by changing the basis
{E1, E2, E3} with {E3, E2,−E1}. Therefore, we will only consider cases (a) and (b).
Case (a): h312 = − 12 and θ1 = 0, θ2 = pi3 , θ3 = 2pi3 . From (31)-(33), we find that all connection
forms are zero. Thus, M is a flat Lagrangian submanifold in the nearly Ka¨hler S3 × S3.
Case (b): h312 = − 14 and θ1 = 2pi3 , θ2 = pi3 , θ3 = 0, In this case, we have that ω312 = ω123 =
ω231 =
√
3
4 . By a straightforward computation, we find that M has constant sectional curvature
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which is equal to 316 . As a result, the Lagrangian submanifold M of the nearly Ka¨hler manifold
S3×S3 with constant angle functions θ1, θ2, θ3, which is not totally geodesic, has constant sectional
curvature. 
Combining the classification theorems in [6] and [18] and Theorem 5, we state the following:
Corollary 1. A Lagrangian submanifold in the nearly Ka¨hler manifold S3 × S3 whose all angle
functions are constant is locally congruent to one of the following immersions:
(1) f : S3 → S3 × S3 : u 7→ (u, 1),
(2) f : S3 → S3 × S3 : u 7→ (1, u),
(3) f : S3 → S3 × S3 : u 7→ (u, u),
(4) f : S3 → S3 × S3 : u 7→ (u, ui),
(5) f : S3 → S3 × S3 : u 7→ (u−1, uiu−1),
(6) f : S3 → S3 × S3 : u 7→ (uiu−1, u−1),
(7) f : S3 → S3 × S3 : u 7→ (uiu−1, uju−1),
(8) f : R3 → S3×S3 : (u, v, w) 7→ (p(u,w), q(u, v)), where p and q are constant mean curvature
tori in S3
p(u,w) = (cosu cosw, cos u sinw, sinu cosw, sin u sinw) ,
q(u, v) =
1√
2
(cos v (sinu+ cosu) , sin v (sinu+ cosu) ,
cos v (sinu− cosu) , sin v (sinu− cosu)) .
Theorem 6. Let M be a Lagrangian submanifold in the nearly Ka¨hler manifold S3×S3 with angle
functions θ1, θ2, θ3. If precisely one of the angle functions is constant, then up to a multiple of pi,
it can be either 0, pi3 or
2pi
3 .
Proof. First, we may denote the three angle functions by
2θ1 = 2c,
2θ2 = 2Λ− c,
2θ3 = −2Λ− c,
where c ∈ R and Λ is some non constant function. Then, we may write the conditions following
from the minimality of the Lagrangian immersion:
h111 + h
2
12 + h
3
13 = 0,
h211 + h
2
22 + h
3
23 = 0,
h311 + h
3
22 + h
3
33 = 0.
(49)
We are going to use the definitions of ∇A and ∇B in (7) and (8) and then evaluate these relations
for different vectors in the basis in order to get information about the functions ωkij and h
k
ij . For
X = Y = E1 in (7) we obtain that
h212 = −h313,
ω211 = −
h211(cos(c− 2Λ) + cos(2c))
sin(c− 2Λ) + sin(2c) ,(50)
ω311 = −
h311(sin(2c)− sin(2Λ + c))
cos(2c)− cos(2Λ + c) .
If we take X = E1 and Y = E2 in (7) and (8), we see that
E1(Λ) = h
3
13,(51)
ω312 =
√
3
6
− h312 cot 2Λ(52)
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and, for X = E2 and Y = E1 in (7), we obtain
h211 = 0,(53)
ω221 = −
h313(sin(2c)− sin(c− 2Λ))
cos(2c)− cos(c− 2Λ)(54)
ω321 = −h312 cot
(
Λ +
3c
2
)
−
√
3
6
.(55)
Then we choose successively X = E3, Y = E1, X = E2, Y = E3 and X = E3, Y = E2 in relations
(7) and (8) and obtain
h311 = 0,(56)
ω231 =
√
3
6
− h312 cot
(
3c
2
− Λ
)
,(57)
ω331 =
h313(sin(2c)− sin(2Λ + c))
cos(2c)− cos(2Λ + c) ,(58)
ω322 = − cot 2Λh322,(59)
ω332 = − cot 2Λh323(60)
E2(Λ) = h
3
23,(61)
E3(Λ) = −h322.(62)
We can easily see from (50), (53) and (56) that
ω211 = 0 and ω
3
11 = 0,
and if we consider, as well, the relations in (49), we have that
h333 = −h322, h111 = 0 and h222 = −h323.
Next, we are going to use the definition for ∇h in (13) and take different values for the vectors
X,Y and Z. Thus, we evaluate it for E1, E2, E1 and E1, E3, E1. Looking at the component in E3
of the resulting two vectors, we obtain the following relations, respectively:
E1(h
3
12) =
h313√
3
− 2h312h313
(
cot(2Λ) +
2 sin(2Λ)
cos(2Λ)− cos(3c)
)
,
E1(h
3
13) =
1
3
(
cot
(
Λ +
3c
2
)(
1− cos(2Λ + 3c) + 6(h312)2 + 6(h313)2) + 6(h312)2 cot(2Λ)−
√
3h312
)
.
Taking again X = E1, Y = E2, Z = E1 in (13) as just done previously, we look at the component
of E2 this time, after replacing E1(h
3
13) from the above equations, and we get that
sin(3c) csc
(
3c
2
− Λ
)
csc
(
Λ +
3c
2
)(
cos(4Λ)− 2 cos(2Λ) cos(3c) + 12(h312)2 + 12(h313)2 + 1
)
= 0.
As Λ is not constant, this implies that cos(4Λ)− 2 cos(2Λ) cos(3c) + 12(h312)2 + 12(h313)2 + 1 = 0
or sin(3c) = 0.
Case 1. sin(3c) = 0. In this case, considering that θ1 ∈ [0, pi], it is straightforward to see that
c ∈ {0, pi3 , 2pi3 }.
In the following we will show that the other case cannot occur.
Case 2. sin(3c) 6= 0. It follows that
(63) cos(4Λ)− 2 cos(2Λ) cos(3c) + 12(h312)2 + 12(h313)2 + 1 = 0,
and, therefore, its derivative with respect to E1 vanishes too:
h313
(
sin(4Λ)− 2 cos(2Λ) sin(3c)− 3 sin(2Λ) cos(3c)− 12 ((h312)2 + (h313)2) cot
(
Λ +
3c
2
))
= 0.
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We must split again into two cases.
Case 2.1. h313 6= 0. We have, of course, that
sin(4Λ)− 2 cos(2Λ) sin(3c)− 3 sin(2Λ) cos(3c)− 12 ((h312)2 + (h313)2) cot
(
Λ +
3c
2
)
= 0
and by (63), we may write
(64)
(
cos(4Λ)− 2 cos(2Λ) cos(3c) + 12(h312)2 + 12(h313)2 + 1
)
cot
(
3c
2
− Λ
)
−
−
(
sin(4Λ)− 2 cos(2Λ) sin(3c)− 3 sin(2Λ) cos(3c)− 12 ((h312)2 + (h313)2) cot
(
Λ +
3c
2
))
= 0.
The latter equation reduces to −3 cos(3c) sin(2Λ) = 0, which implies cos(3c) = 0. With this
information, we evaluate (13) for E1, E2, E1 and, looking at the component of E2 of the resulting
vector gives
sin(3c) csc
(
3c
2
− Λ
)
csc
(
Λ +
3c
2
)(
cos(4Λ)− 2 cos(2Λ) cos(3c) + 12(h312)2 + 12(h313)2 + 1
)
= 0.
This yields cos(4Λ)+ 12(h312)
2+12(h313)
2+1 = 0, which is a contradiction, as, given that Λ is not
constant, the expression is actually strictly greater than 0.
Case 2.2 h313 = 0. From (13) evaluated for E1, E2, E2; E1, E3, E3; E2, E3, E3; E3, E2, E2, by
looking at the components of E2, E3;E3, E2;E3;E3, we obtain, respectively:
E1(h
3
23) =− h312h322 cot
(
Λ +
3c
2
)
+ h312h
3
22 cot(2Λ)−
h322√
3
,
E2(h
3
12) =− h312h323
(
−2 cot(2Λ) + cot
(
3c
2
− Λ
)
+ cot
(
Λ +
3c
2
))
,
0 =− 1
3
sin(2Λ + 3c)− 2(h312)2
(
cot(2Λ) + cot
(
3c
2
− Λ
))
+
h312√
3
,(65)
E1(h
3
22) =
1
3
h323
(√
3− 3h312
(
cot(2Λ) + cot
(
3c
2
− Λ
)))
,
E3(h
3
12) =− h312h322
(
2 cot(2Λ) + cot
(
3c
2
− Λ
)
+ cot
(
Λ +
3c
2
))
,
E2(h
3
22) =− E3(h323),
E3(h
3
22) =
1
3
(
− sin(4Λ)− 6(h312)2
(
cot
(
Λ +
3c
2
)
− cot
(
3c
2
− Λ
))
+ 3E2(h
3
23)−
√
3h312 −
− 9 cot(2Λ) ((h322)2 + (h323)2) ).
Next, for the vector fields E1, E2, E1, E2, we may evaluate the sectional curvature once using the
definition for the curvature tensor, once using (12), and subtract the results. This gives
(66) − sin(2c) sin(c− 2Λ) + cos(2c) cos(c− 2Λ)−
− 6(h312)2 csc(2Λ) cos
(
3c
2
− Λ
)
csc
(
Λ +
3c
2
)
+
√
3h312 cot
(
3c
2
− Λ
)
+ 1 = 0.
From (65), we obtain
(67) (h312)
2 =
√
3h312 − sin(2Λ + 3c)
6
(
cot(2Λ) + cot
(
3c
2 − Λ
)) ,
so that we may replace (h312)
2 in (66) and solve for h312:
(68) h312 =
(cos(3c)− cos(2Λ)) csc(2Λ)√
3
.
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Nevertheless, (h312)
2 from (68) does not coincide with (67), as it would imply
csc2(2Λ)(cos(3c)− cos(2Λ))(−9 cos(2Λ) + cos(6Λ) + 8 cos(3c)) = 0,
i.e. Λ should be constant, which is a contradiction. 
A complete classification of the Lagrangian submanifolds with θ1 =
pi
3 is given in [1]. Similarly,
for those with angle functions θ1 = 0 or θ1 =
2pi
3 , we obtain the same result by constructions f˜
and f∗, respectively. We recall that the following theorems are proven in [1]:
Theorem 7. Let ω and µ be solutions of, respectively, the Sinh-Gordon equation ∆ω = −8 sinhω
and the Liouville equation ∆µ = −eµ on an open simply connected domain U ⊆ C and let p : U →
S3 be the associated minimal surface with complex coordinate z such that σ(∂z, ∂z) = −1.
Let V = {(z, t) | z ∈ U, t ∈ R, eω+µ − 2− 2 cos(4t) > 0} and let Λ be a solution of(
2
√
3eω
tanΛ
− 2 sin(2t)
)
= eω+µ − 2− 2 cos(4t)
on V . Then, there exists a Lagrangian immersion f : V → S3 × S3 : x 7→ (p(x), q(x)), where q is
determined by
∂q
∂t
=−
√
3
2
√
3eω − 2 sin(2t) tanΛ q α2 × α3,
∂q
∂u
=
1
8
(
e−ω
(
µv + ωv − (µu + ωu) cos(2t) tanΛ√
3eω − sin(2t) tanΛ
)
q α2 × α3 − 4(
√
3 cotΛ cos(2t) + 1) q α2−
−4
√
3 sin(2t) cotΛ q α3
)
,
∂q
∂v
=
1
8
(
−e−ω
(
µu + ωu +
(µv + ωv) cos(2t) tanΛ√
3eω − sin(2t) tanΛ
)
q α2 × α3 − 4
√
3 cotΛ sin(2t) q α2+
+4(1 +
√
3 cos(2t) cotΛ) q α3
)
,
where α2 = p¯pu and α3 = p¯pv.
Theorem 8. Let X1, X2, X3 be the standard vector fields on S
3. Let β be a solution of the
differential equations
X1(β) = 0,
X2(X2(β)) +X3(X3(β)) =
2(3− e4β)
e4β
,
on a connected, simply connected open subset U of S3.
Then there exist a Lagrangian immersion f : U → S3 × S3 : x 7→ (p(x), q(x)), where p(x) = xix−1
and q is determined by
X1(q) = −2qhxix−1h−1,
X2(q) = q
(−X3(β)hxix−1h−1 − (1 −√3e−2β) hxjx−1h−1) ,
X3(q) = q
(
X2(β) hxix
−1h−1 − (1 +√3e−2β) hxkx−1h−1) .
Theorem 9. Let ω be a solution of the Sinh-Gordon equation ∆ω = −8 sinhω on an open con-
nected domain of U in C and let p : U → S3 be the associated minimal surface with complex
coordinate z such that σ(∂z, ∂z) = −1. Then, there exist a Lagrangian immersion f : U × R →
S3 × S3 : x 7→ (p(x), q(x)), where q is determined by
∂q
∂t
= −
√
3e−ω
4
q α2 × α3,
∂q
∂u
=
e−ω
8
(4eωqα2 − 4qα3 + ωvq α2 × α3),
∂q
∂v
= −e
−ω
8
(4qα2 − 4eωqα3 + ωuq α2 × α3).
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where α2 = p¯pu and α3 = p¯pv.
Theorem 10. Let f :M → S3×S3 : x 7→ (p(x), q(x)) be a Lagrangian immersion such that p has
nowhere maximal rank. Then every point x of an open dense subset of M has a neighborhood U
such that f |U is obtained as described in Theorem 7, 8 or 9.
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